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RICCI SOLITONS CONFORMALLY EQUIVALENT TO LEFT INVARIANT
METRICS
H. R. SALIMI MOGHADDAM
Abstract. In this paper we study the geometry of Riemannian metrics conformally equiva-
lent to invariant metrics on Lie groups. Then we give a necessary and sufficient condition for
these metrics to be Ricci solitons. Using this condition, many explicit examples of shrinking,
steady and expanding Ricci solitons are given. Finally, we give an example of Ricci solitons
which is not conformally equivalent to a left invariant Riemannian metric.
1. Introduction
The geometry of Lie groups and homogeneous spaces equipped with invariant Riemannian
metrics is a basic part of Riemannian geometry which has been considered by many mathe-
maticians (see [1], [3], [4], [7], [9], [10]). The significance of this issue comes from the simplicity
of the structures of these spaces (versus the general case) and their applications in other fields
such as theoretical physics. Although, mathematicians have found many interesting and im-
portant applications of these spaces but it seems that such spaces are too special, because the
study of their geometry is limited to an inner product on a vector space (Lie algebra).
In this paper we study the geometry of Riemannian metrics conformally equivalent to invari-
ant metrics on Lie groups. On one hand side, these metrics have the simplicity of working
on Lie groups. On the other hand, because of the existence of conformal factor, they are
not too restricted. We can see considering such metrics can be very useful in construction of
Riemannian manifolds with special curvature properties. For example, unlike the left invariant
case, Riemannian metrics conformally equivalent to left invariant metrics on commutative Lie
groups can have non-zero sectional curvature.
In recent years studying Ricci solitons, specially homogeneous Ricci solitons, has a very fast
development (for example see [5], [6] and [8]).
A Ricci soliton with expansion constant λ is a Riemannian manifold (M,g) together with a
smooth vector field X on M such that the following equation holds:
(1.1) LXg = 2(λg −Ric(g)),
where LXg denotes the Lie derivative of g with respect to X. For a Ricci soliton the Ricci flow
equation:
(1.2)
d
dt
gt = −2Ric(gt),
with initial condition g0 = g has the solution
(1.3) gt = (1− 2λt)φ
∗
t g,
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in the t-interval on which 1− 2λt > 0, where φt :M −→M is the time t flow of X.
The Ricci soliton is called shrinking if λ > 0, steady if λ = 0 and expanding if λ < 0. If
X = gradΦ for some smooth real-valued function Φ on M , then the Ricci soliton is called
gradient and the function Φ is called a potential function of the Ricci soliton.
In [2], the authors have studied the conformal Ricci solitons. In this work we will study
Ricci solitons conformally equivalent to the left invariant metrics on Lie groups. We can see
considering Lie groups equipped with Riemannian metrics conformally equivalent to invariant
metrics can be very useful in construction of shrinking, steady and expanding Ricci solitons.
We give a necessary and sufficient condition for Riemannian metrics conformally equivalent
to invariant metrics on Lie groups to be Ricci solitons. Then by using this condition, we give
many explicit examples of shrinking, steady and expanding Ricci solitons. Also we will consider
the following question,
Are all Ricci solitons, on a Lie group, conformally equivalent to the left invariant metrics?
In the last section, by giving an example of Ricci solitons which is not conformally equivalent
to a left invariant Riemannian metric, we will give a negative answer to this question.
2. The geometry of metrics conformally equivalent to invariant metrics
In this section we study the Riemannian metrics which are conformally equivalent to left
invariant Riemannian metrics on Lie groups. Easily, we can see that the statement Riemannian
metric can be replaced with the statement semi-Riemannian metric.
For simplicity, we give the following definition.
Definition 2.1. Let f be a smooth real positive function on a Lie group G such that f(e) = 1,
where e denotes the unit element of G. A Riemannian metric 〈·, ·〉 is said to be f−left invariant
(f−right invariant) if it is conformally equivalent to a left invariant (right invariant) metric
with conformal factor f .
The following lemma gives a simple description of f−left invariant (f−right invariant) met-
rics on a Lie group G.
Lemma 2.2. Suppose that f is a smooth real positive function on a Lie group G such that
f(e) = 1. A Riemannian metric 〈·, ·〉 on G is f−left invariant if and only if, for any a, b ∈ G,
(2.1) 〈Lb∗Xa, Lb∗Ya〉ba =
f(ba)
f(a)
〈Xa, Ya〉a.
Similarly, the Riemannian metric 〈·, ·〉 is f−right invariant if and only if
(2.2) 〈Rb∗Xa, Rb∗Ya〉ba =
f(ab)
f(a)
〈Xa, Ya〉a,
for all a, b ∈ G.
Proof. It suffices to prove the left invariant case, the other case is similar. Suppose that 〈·, ·〉
is a Riemannian metric on G which it satisfies the relation (2.1). One can easily see that
the Riemannian metric 〈·, ·〉 is conformally equivalent to the left invariant Riemannian metric
≪ ·, · ≫, induced by the inner product 〈·, ·〉e, with conformal factor f . Conversely, let 〈·, ·〉
be a Riemannian metric on G which is conformally equivalent to a left invariant Riemannian
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metric ≪ ·, · ≫. Then for any a, b ∈ G and any two left invariant vector field X and Y we
have
(2.3) 〈Lb∗Xa, Lb∗Ya〉ba = f(ba)≪ Xba, Yba ≫ba= f(ba)≪ Xa, Ya ≫a=
f(ba)
f(a)
〈Xa, Ya〉a.

Definition 2.3. A Riemannian metric which is both f−left invariant and f−right invariant
is called f−bi-invariant. In this case we can see that f must be symmetric which means that
f(ab) = f(ba), for all a, b ∈ G.
Remark 2.4. Let f be a smooth positive real function on a Lie group G, such that f(e) = 1.
Easily we can see that G admits a left invariant (right invariant) Riemannian metric and so G
admits a f−left invariant (f−right invariant) Riemannian metric.
Theorem 2.5. Let f : G −→ (R+, ·) be a homomorphism of Lie groups. The Lie group G
has a f−bi-invariant Riemannian metric if and only if g = TeG has an inner product which is
Ad−invariant.
Proof. Let 〈·, ·〉 be a f−bi-invariant Riemannian metric on the Lie group G. Suppose that
〈·, ·〉e is the inner product induced by 〈·, ·〉 on TeG. Now, the following equations show that
〈·, ·〉e is Ad−invariant.
〈AdaXe,AdaYe〉e = R
∗
a−1〈La∗Xe, La∗Ye〉a(2.4)
= f(a)〈Ra−1∗Xe, Ra−1∗Ye〉a−1
= f(a)f(a−1)〈Xe, Ye〉e = 〈Xe, Ye〉e.
Conversely, let 〈·, ·〉e be an Ad−invariant inner product on TeG. Now, we define a Riemannian
metric on G as follows
(2.5) 〈Xa, Ya〉a := f(a)〈La−1∗Xa, La−1∗Ya〉e.
Obviously 〈·, ·〉 is a f−left invariant Riemannian metric on G.
Also it is f−right invariant because
R∗b〈Xa, Ya〉a = R
∗
b 〈La∗(La−1∗Xa), La∗(La−1∗Ya)〉a
= R∗bL
∗
a〈La−1∗Xa, La−1∗Ya〉e
= (LaRb)
∗(LbRb−1)
∗〈La−1∗Xa, La−1∗Ya〉e(2.6)
= (LbRb−1RbLa)
∗〈La−1∗Xa, La−1∗Ya〉e
= L∗aL
∗
b〈La−1∗Xa, La−1∗Ya〉e
= f(b)f(a)〈La−1∗Xa, La−1∗Ya〉e
= f(b)〈Xa, Ya〉a =
f(ab)
f(a)
〈Xa, Ya〉a.

Remark 2.6. There is not any nontrivial f−bi-invariant Riemannian metric on a compact Lie
group G such that f : G −→ (R+, ·) is a homomorphism of Lie groups.
Theorem 2.7. Let G be a connected Lie group equipped with a f−left invariant Riemannian
metric 〈·, ·〉. Then the following are equivalent:
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(1) 〈·, ·〉 is f−right invariant, hence f−bi-invariant.
(2) 〈·, ·〉 is Ad(G)−invariant.
(3) f(a)〈ζ∗Xa, ζ∗Ya〉a−1 = f(a−1)〈Xa, Ya〉a, for all a ∈ G, where ζ is the inversion map.
(4) 〈X, [Y,Z]〉 = 〈[X,Y ], Z〉, for all X,Y,Z ∈ g.
Proof. First, we show that the conditions (1) and (2) are equivalent. Suppose that (1) holds,
then we have:
〈AdaXe, AdaYe〉e = 〈La∗Ra−1∗Xe, La∗Ra−1∗Ye〉e
= 〈Ra−1∗Xe, Ra−1∗Ye〉a−1
f(aa−1)
f(a−1)
(2.7)
= 〈Xe, Ye〉e
f(ea−1)
f(e)
f(e)
f(a−1)
= 〈Xe, Ye〉e.
Conversely, we prove that (2) implies (1),
〈Ra−1∗Xe, Ra−1∗Ye〉a−1 = 〈La∗Ra−1∗Xe, La∗Ra−1∗Ye〉e
f(a−1)
f(aa−1)
= 〈AdaXe, AdaYe〉ef(a
−1)(2.8)
= 〈Xe, Ye〉ef(a
−1).
Now, we prove the equivalence of conditions (1) and (3). If condition (1) holds, then we have:
〈ζ∗Xa, ζ∗Ya〉a−1 = 〈Ra−1∗ζ∗La−1∗Xa, Ra−1∗ζ∗La−1∗Ya〉a−1
= 〈ζ∗La−1∗Xa, ζ∗La−1∗Ya〉ef(a
−1)
= 〈−La−1∗Xa,−La−1∗Ya〉ef(a
−1)(2.9)
= 〈Xa, Ya〉a
f(a−1)
f(a)
.
Conversely, let (3) be true, then we have:
〈Ra∗Xe, Ra∗Ye〉 = 〈ζ∗La−1∗ζ∗Xe, ζ∗La−1∗ζ∗Ye〉a
= 〈La−1∗ζ∗Xe, La−1∗ζ∗Ye〉a−1
f(a)
f(a−1)
(2.10)
= 〈ζ∗Xe, ζ∗Ye〉
f(a−1e)
f(e)
f(a)
f(a−1)
= 〈Xe, Ye〉ef(a).
The equivalence of conditions (2) and (4) is similar to the invariant Riemannian metric case,
so we omit it (see lemma 3 page 302 of [11].). 
Corollary 2.8. Let f be a smooth positive real function on a compact Lie group G, such that
f(e) = 1. Then G admits a f−bi-invariant Riemannian metric.
In this article we use the notation {E1, · · · , En} for a set of left invariant vector fields on a
Lie group G which is an orthogonal basis at any point of G and is an orthonormal basis at the
unit element e, with respect to a f−left invariant Riemannian metric 〈·, ·〉.
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Theorem 2.9. Let G be a Lie group equipped with a f−left invariant Riemannian metric
〈·, ·〉. Suppose that αijk are structure constants defined by [Ei, Ej ] =
∑n
k=1 αijkEk. Then the
sectional curvature K(Ep, Eq) is given by the following formula:
K(Ep, Eq) =
1
4f3
(
2fδpq(fqp + fpq)− 2f(fpp + fqq)− 4δpqfpfq + 2f
2
p + 2f
2
q
+
n∑
r=1
(2δrqfq − fr + 2fαrqq)(fr + 2fδprp)(2.11)
−(δrpfq + fαpqr)
2 +
(
δqrfp − δpqfr + f(αrpq − αqrp)
)2
−2fαpqr
(
δprfq − δrqfp + f(αrqp + αprq − αqpr)
))
,
where fi := Eif and fij := EjEif .
Proof. The relation [Ei, Ej ] =
∑n
k=1 αijkEk shows that
(2.12) αijk =
1
f(a)
〈[Ei, Ej ], Ek〉a.
Therefore we have
2〈∇EiEj , Ek〉 = Ei〈Ej , Ek〉+ Ej〈Ei, Ek〉 − Ek〈Ei, Ej〉
−〈Ei, [Ej , Ek]〉+ 〈Ej , [Ek, Ei]〉+ 〈Ek, [Ei, Ej ]〉(2.13)
= δjkfi + δikfj − δijfk + f(−αjki + αkij + αijk),
and so,
(2.14) ∇EiEj =
1
2f
n∑
k=1
(
δjkfi + δikfj − δijfk + f(αijk + αkij − αjki)
)
Ek.
Now, for the curvature tensor we have:
R(Ei, Ej)Ek = ∇Ei∇EjEk −∇Ej∇EiEk −∇[Ei,Ej ]Ek
=
1
4f2
n∑
l=1
{
2f(δljfki − δjkfli − δlifkj + δikflj)
−2fi(δljfk − δjkfl) + 2fj(δlifk − δikfl)
+
n∑
r=1
(
δkrfj + δrjfk − δjkfr + f(αjkr + αrjk − αkrj)
)
(2.15)
×
(
δrlfi + δlifr − δirfl + f(αirl + αlir − αrli)
)
−
(
δkrfi + δrifk − δikfr + f(αikr + αrik − αkri)
)
×
(
δrlfj + δljfr − δjrfl + f(αjrl + αljr − αrlj)
)
−2fαijr
(
δlrfk − δrkfl + f(αrkl + αlrk − αklr)
)}
El.
On the other hand,
(2.16) 〈Ep, Ep〉〈Eq, Eq〉 − 〈Ep, Eq〉
2 = f2.
Now, the formula of sectional curvature, K(U, V ) = 〈R(U,V )V,U〉〈U,U〉〈V,V 〉−〈U,V 〉2 , completes the proof. 
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Remark 2.10. If we consider the left invariant Riemannian metrics, then the formula given
in Theorem (2.9) for the sectional curvature reduces to Milnor’s formula given in [9]. It is
sufficient to consider f to be the constant function f ≡ 1.
Remark 2.11. If the Riemannian metric 〈·, ·〉 is f−bi-invariant, then the array αijk is skew in
the last two indices for any i. Therefore in this case we have a simpler formula for sectional
curvature.
Theorem 2.12. Let G be a commutative Lie group equipped with a f−left invariant Riemann-
ian metric 〈·, ·〉. Then for the sectional curvature we have
(2.17) K(Ep, Eq) =
1
2f3
(
− f(fpp + fqq) +
3
2
(f2p + f
2
q )−
1
2
n∑
l=1
f2l
)
.
Proof. It suffices to consider that all structure constants in (2.11) are zero. 
Theorem 2.13. Consider the assumptions of theorem 2.9. Then the Ricci curvature tensor
Ric is given by the following formula:
Ric(Ep, Eq) =
1
4f2
n∑
j=1
(
2f(δjpfqj − δpqfjj − fqp + δjqfjp)− 2fj(δjpfq − δpqfj) + 2fp(fq − δjqfj)
+
n∑
r=1
(δqrfp + δrpfq − δpqfr + f(αpqr + αrpq − αqrp))(fr + 2fαjrj)(2.18)
−(δqrfj + δrjfq − δjqfr + f(αjqr + αrjq − αqrj))
×(δrjfp + δjpfr − δprfj + f(αprj + αjpr − αrjp))
−2fαjpr
(
δjrfq − δrqfj + f(αrqj + αjrq − αqjr)
))
.
Proof. Assume that ei :=
Ei√
f
, for i = 1, · · · , n. Note that, in general case, the vector fields ei
are not left invariant. We can see the set {e1, · · · , en} is an orthonormal basis at every point
of G, with respect to the f−left invariant metric. Now, the equation
(2.19) Ric(Ep, Eq) = fRic(ep, eq) = f
n∑
j=1
〈R(ej , ep)eq, ej〉 =
1
f
n∑
j=1
〈R(Ej , Ep)Eq, Ej〉,
together with the formula (2.15) complete the proof. 
Remark 2.14. In general case, if f is a positive function on an open set M containing e ∈ G
such that f(e) = 1, then all previous results are true for the Riemannian manifold M .
3. Ricci solitons conformally equivalent to left invariant metrics
In this section we give a necessary and sufficient condition for a f−left invariant Riemannian
metric on a Lie group G to be a Ricci soliton. Then, we study this condition in the special cases,
left invariant Riemannian metrics, commutative Lie groups, and left invariant Ricci solitons.
Finally we give some examples of Ricci solitons constructed on some solvable Lie groups in
dimensions two, three and four.
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Theorem 3.1. Let G be a connected Lie group equipped with a f−left invariant Riemannian
metric 〈·, ·〉. Suppose that X =
∑n
i=1 θ
iEi is an arbitrary vector field on G, which is not
necessarily left invariant so the coefficients θi are smooth functions on G. Then, (G, 〈·, ·〉)
is a Ricci soliton, with expansion constant λ and the vector field X, if and only if, for any
p, q = 1 · · · n,
δpq(Xf) + f(θ
q
p + θ
p
q)−
n∑
i=1
θif(αipq + αiqp) =
= 2
(
δpqλf −
1
4f2
n∑
j=1
(
2f(δjpfqj − δpqfjj − fqp + δjqfjp)
−2fj(δjpfq − δpqfj) + 2fp(fq − δjqfj)
+
n∑
r=1
(δqrfp + δrpfq − δpqfr + f(αpqr + αrpq − αqrp))(fr + 2fαjrj)(3.1)
−(δqrfj + δrjfq − δjqfr + f(αjqr + αrjq − αqrj))
×(δrjfp + δjpfr − δprfj + f(αprj + αjpr − αrjp))
−2fαjpr
(
δjrfq − δrqfj + f(αrqj + αjrq − αqjr)
)))
.
Proof. Easily we can see for LX〈·, ·〉 we have
(3.2) (LX〈·, ·〉)(Ep, Eq) = δpq(Xf) + f(θ
q
p + θ
p
q)−
n∑
i=1
θif(αipq + αiqp).
Now the above equation together with equation 1.1 and 2.18 complete the proof. 
Corollary 3.2. In the previous theorem if we put αijk = 0, i, j, k = 1 · · · n, then we will
have a simple necessary and sufficient condition for f−left invariant metrics on connected
commutative Lie groups G = Tm × Rl to be Ricci soliton, where n = m+ l.
Theorem 3.3. Let G be a connected Lie group equipped with a left invariant Riemannian
metric 〈·, ·〉. Suppose that X =
∑n
i=1 θ
iEi is an arbitrary vector field on G where the coefficients
θi are smooth functions on G. Then, (G, 〈·, ·〉) is a Ricci soliton, with expansion constant λ
and the vector field X, if and only if, for any p, q = 1 · · · n,
θqp + θ
p
q −
n∑
i=1
θi(αipq + αiqp) = 2
(
δpqλ−
1
4
n∑
j=1
n∑
r=1
2αjrj(αpqr + αrpq − αqrp)
−(αjqr + αrjq − αqrj)(αprj + αjpr − αrjp)(3.3)
−2αjpr(αrqj + αjrq − αqjr)
)
.
In fact the left invariant metric 〈·, ·〉 is an algebraic Ricci soliton which means that it satisfies
the equation
(3.4) Ric〈·,·〉 = cId + D,
for some c ∈ R and D ∈ Der(g), if and only if it holds the equation 3.3.
Proof. M. Jablonski, in [6] showed that every homogeneous Riemannian Ricci soliton is alge-
braic which means that it is satisfies the equation 3.4. Now, it is sufficient in the equation 3.1,
we put f = 1. 
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Now, by using the above results, we give many examples of Ricci solitons which are confor-
mally equivalent to the left invariant metrics.
3.1. Lie group G = R2. Suppose that the Lie group G = R2 equipped with a f−left invariant
Riemannian metric g such that the set {E1 :=
∂
∂x
, E2 :=
∂
∂y
} is an orthogonal basis at any
point and is orthonormal at e = (0, 0). Suppose that X = θ ∂
∂x
+ η ∂
∂y
is an arbitrary vector
field on G, where θ and η are smooth real functions on G. Then easily we can see the equation
(1.1) reduces to the following system of three equations,
(3.5)


θfx + ηfy + 2fθx = 2(λ− κ)f
θfx + ηfy + 2fηy = 2(λ− κ)f
ηx = −θy,
where κ is the Gaussian curvature of G. In fact the Riemannian manifold (G, 〈·, ·〉) together
with the vector field X and expansion constant λ is a Ricci soliton if and only if the system
(3.5) holds. Also we can see X = gradΦ if and only if
(3.6)
{
Φx = fθ
Φy = fη.
Example 3.4. If we let f(x, y) = 1
1+x2+y2
, λ = 0, θ = −2x and η = −2y, then we have the
Hamilton’s cigar which is a steady gradient Ricci soliton with Gaussian curvature κ = 2
1+x2+y2
and potential function Φ(x, y) = − ln(1 + x2 + y2) (one may want to use the equations (3.5),
(3.6) and (2.17)).
Example 3.5. Suppose that f(x, y) = exp(x+y) andX = ∂
∂x
+ ∂
∂y
. Then equations (3.5), (3.6)
and (2.17) show that we have a flat shrinking gradient Ricci soliton with potential function
Φ = f and expansion constant λ = 1.
Example 3.6. In the previous example if we consider X = ∂
∂x
− ∂
∂y
, then we have a flat steady
Ricci soliton which is not gradient.
Remark 3.7. In two previous examples, one may want to work with g−1 or equivalently
f(x, y) = exp(−x− y).
3.2. Lie group G = R⋊R+. Now, consider the Lie group G = R⋊R+ equipped with a f−left
invariant Riemannian metric g such that the set {E1 := y
∂
∂y
, E2 := y
∂
∂x
} is an orthogonal basis
at any point and is orthonormal at e = (0, 1), where we have considered the natural coordinates
(x, y) for G = R⋊ R+, y > 0. In this case we have α122 = −α212 = 1 and the other structural
constants are zero. Suppose that X = θE1 + ηE2 is an arbitrary vector field on G. Then the
equation (1.1) shows that the Riemannian manifold (G, 〈·, ·〉) together with the vector field X
and expansion constant λ is a Ricci soliton if and only if the following system holds,
(3.7)


yηfx + yθfy + 2yθyf = 2(λ− κ)f
yηfx + yθfy + 2f(yηx − θ) = 2(λ− κ)f
η = −y(ηy + θx).
Also we can see X = gradΦ if and only if
(3.8)
{
Φx =
fη
y
Φy =
fθ
y
.
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Also by using equation (2.11) for Gaussian curvature of this manifold we have
κ =
1
2f3
(−f(f11 + f22) + f
2
1 + f
2
2 + ff1 − 2f
2)(3.9)
=
1
2f3
(−f(yfyy + y
2fxx) + y
2(f2x + f
2
y )− 2f
2).
Example 3.8. We start with left invariant Riemannian metric, in fact we consider f(x, y) = 1,
for any (x, y) ∈ G. In this case, the equation (3.9) shows that this space is of constant Gaussian
curvature κ = −1. Now, if we consider θ = 0, η = 1
y
and λ = −1, then the system of equations
(3.7) shows that G with the vector field X = ∂
∂x
is an expanding Ricci soliton. The equations
(3.8) show that this Ricci soliton is not gradient.
Example 3.9. Now, consider the case that f(x, y) = y. In this case the equation (2.11) or
(3.9) shows that the Gaussian curvature of G is κ = − 12y . Suppose that X =
∂
∂x
− ∂
∂y
(in fact
let η = −θ = 1
y
). Then G with the vector field X is a steady Ricci soliton which with attention
to equations (3.8) is not gradient.
Example 3.10. In the previous example if we consider X = − ∂
∂y
(or equivalently if θ = − 1
y
and η = 0), then by the systems (3.7) and (3.8) we have a gradient steady Ricci soliton with
potential function Φ = ln 1
y
.
Example 3.11. Assume that f(x, y) = y2, then we have a flat two dimensional noncommuta-
tive Lie group. If X = ∂
∂x
+ ∂
∂y
(equivalently η = θ = 1
y
), then we have a steady gradient Ricci
soliton with potential function Φ = x+ y.
Example 3.12. For f(x, y) = y2 if X = x ∂
∂x
+ y ∂
∂y
(equivalently η = x
y
and θ = 1), then we
have a flat two dimensional shrinking gradient Ricci soliton with λ = 1 and potential function
Φ = 12(x
2 + y2).
Example 3.13. In two previous examples if X = ∂
∂y
(equivalently η = 0 and θ = 1
y
), then we
have a flat two dimensional steady gradient Ricci soliton with potential function Φ = y + c,
where c is an arbitrary constant real number.
3.3. Lie group G = R2 ⋊ R+. In this subsection we consider the Lie group G = R ⋊ R+
with natural coordinates (x, y, z) such that z > 0. Similar to above, we consider a f−left
invariant Riemannian metric 〈·, ·〉 such that the set {E1 := z
∂
∂z
, E2 := z
∂
∂x
, E3 := z
∂
∂y
} is
an orthogonal basis at any point and is orthonormal at e = (0, 0, 1). Easily we can see
α122 = α133 = 1, α212 = α313 = −1 and the other structural constants are zero. Suppose that
X = θE1+ηE2+µE3 is an arbitrary vector field on G. Then the equations (1.1) together with
(2.18) show that the Riemannian manifold (G, 〈·, ·〉) with the vector field X and expansion
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constant λ is a Ricci soliton if and only if the following system holds,
(3.10)

X(f) + 2θ1f = 2
(
λf − 14f2
(
− 2f(2f11 + f22 + f33) + 4f
2
1 + f
2
2 + f
2
3 + 4f(f1 − 2f)
))
f(η + η1 + θ2) = −
1
2f2
(3f1f2 − 2ff21)
f(µ+ µ1 + θ3) = −
1
2f2 (3f1f3 − 2ff31)
X(f) + 2f(η2 − θ) = 2
(
λf − 1
4f2
(
− 2f(f11 + 2f22 + f33) + f
2
1 + 4f
2
2 + f
2
3 + 2f(3f1 − 4f)
))
f(µ2 + η3) = −
1
2f2
(3f2f3 − 2ff32)
X(f) + 2f(µ3 − θ) = 2
(
λf − 1
4f2
(
− 2f(f11 + f22 + 2f33) + f
2
1 + f
2
2 + 4f
2
3 + 2f(3f1 − 4f)
))
.
A simple computation shows that X = gradΦ if and only if
(3.11)


Φx =
fη
z
Φy =
fµ
z
Φz =
fθ
z
.
Example 3.14. In a special case for left invariant Riemannian metric induced by f(x, y, z) = 1,
if X = ∂
∂x
+ ∂
∂y
(equivalently η = µ = 1
z
and θ = 0), then by using the systems (3.10) and
(3.11) and the equation (2.11) we have a three dimensional expanding Ricci soliton with λ = −2
which is not gradient. Also by using (2.11) for its sectional curvature we have K(E1, E2) =
K(E1, E3) = K(E2, E3) = −1.
Example 3.15. In the previous example if X = ∂
∂x
(equivalently η = 1
z
and θ = µ = 0), then
we have a three dimensional expanding Ricci soliton with λ = −2 which is not gradient.
Example 3.16. In two previous examples if X = ∂
∂y
(equivalently µ = 1
z
and θ = η = 0)
again we have a three dimensional expanding Ricci soliton with λ = −2 which is not gradient.
Example 3.17. Consider the f−left invariant Riemannian metric induced by f(x, y, z) = z2,
if X = ∂
∂x
+ ∂
∂y
+ ∂
∂z
(equivalently θ = η = µ = 1
z
), then the systems (3.10) and (3.11)
together with (2.11) show that the Riamnnian manifold G with the vector field X is a flat
three dimensional steady gradient Ricci soliton with potential function Φ = x+ y + z.
3.4. Lie group G = R⋊R+ ×R. Now, we consider another noncommutative Lie group G =
R⋊R
+×R with natural coordinates (x, y, z) such that y > 0. Then consider a f−left invariant
Riemannian metric 〈·, ·〉 such that the set {E1 := y
∂
∂y
, E2 := y
∂
∂x
, E3 :=
∂
∂z
} is an orthogonal
basis at any point and is orthonormal at e = (0, 1, 0). In this case we have α122 = −α212 = 1
and the other structural constants are zero. Suppose that X = θE1+ηE2+µE3 is an arbitrary
vector field on G. Then the equations (1.1) and (2.18) show that the Riemannian manifold
(G, 〈·, ·〉) with the vector field X and expansion constant λ is a Ricci soliton if and only if the
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following system holds,
(3.12)

X(f) + 2θ1f = 2
(
λf − 14f2
(
− 2f(2f11 + f22 + f33) + 4f
2
1 + f
2
2 + f
2
3 + 2f(f1 − 2f)
))
f(η + η1 + θ2) = −
1
2f2
(3f1f2 − 2ff21)
f(µ1 + θ3) = −
1
2f2 (3f1f3 − 2ff31)
X(f) + 2f(η2 − θ) = 2
(
λf − 1
4f2
(
− 2f(f11 + 2f22 + f33) + f
2
1 + 4f
2
2 + f
2
3 + 4ff1 − 4f
2
))
f(µ2 + η3) = −
1
2f2
(3f2f3 − 2ff32)
X(f) + 2µ3f = 2
(
λf − 1
4f2
(
− 2f(f11 + f22 + 2f33) + f
2
1 + f
2
2 + 4f
2
3 + 2ff1
))
.
Also we can see X = gradΦ if and only if
(3.13)


Φx =
fη
y
Φy =
fθ
y
Φz = µf.
Example 3.18. If f(x, y, z) = 1, then we have K(E1, E2) = −1, K(E1, E3) = K(E2, E3) = 0
and the only non zero Ric(Ei, Ej)’s are Ric(E1, E1) = Ric(E2, E2) = −1. Suppose that X =
−z ∂
∂z
(equivalently θ = η = 0 and µ = −z), then by using the systems (3.12) and (3.13) we
can see (G, 〈·, ·〉) with X is a three dimensional expanding gradient Ricci soliton with λ = −1
and potential function Φ = −12z
2.
Example 3.19. In the previous example if we consider X = ∂
∂x
− z ∂
∂z
(equivalently θ = 0,
η = 1
y
and µ = −z), then we have a three dimensional expanding Ricci soliton with λ = −1
which is not gradient.
Example 3.20. Assume that f(x, y, z) = y2, then the equation (2.11) shows that (G, 〈·, ·〉) is
flat. Suppose that X = x ∂
∂x
+ y ∂
∂y
(equivalently θ = 1, η = x
y
and µ = 0), then the systems
(3.12) and (3.13) show that (G, 〈·, ·〉) with X is a three dimensional shrinking gradient Ricci
soliton with λ = 1 and potential function Φ = 12(x
2 + y2).
3.5. Lie group G = R ⋊ R+ × R2. In this subsection we consider the noncommutative four
dimensional Lie group G = R⋊R+×R2 with natural coordinates (x, y, z, w) such that y > 0.
Now, suppose that 〈·, ·〉 is a f−left invariant Riemannian metric on G such that the set {E1 :=
y ∂
∂y
, E2 := y
∂
∂x
, E3 :=
∂
∂z
, E4 :=
∂
∂w
} is an orthogonal basis at any point and is orthonormal at
e = (0, 1, 0, 0). For this Lie group we have α122 = −α212 = 1 and the other structural constants
are zero. Assume that X = θE1 + ηE2 + µE3 + νE4 is an arbitrary vector field on G. Then
the equations (1.1) and (2.18) show that the Riemannian manifold (G, 〈·, ·〉) with the vector
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field X and expansion constant λ is a Ricci soliton if and only if the following system holds,
(3.14)

X(f) + 2θ1f = 2
(
λf − 12f2
(
− f(3f11 + f22 + f33 + f44) + 3f
2
1 + f(f1 − 2f)
))
f(η + η1 + θ2) = −
1
f2
(3f1f2 − 2ff21)
f(µ1 + θ3) = −
1
f2
(3f1f3 − 2ff31)
f(ν1 + θ4) = −
1
f2
(3f1f4 − 2ff41)
X(f) + 2f(η2 − θ) = 2
(
λf − 12f2
(
− f(f11 + 3f22 + f33 + f44) + 3f
2
2 + f(3f1 − 2f)
))
f(µ2 + η3) = −
1
f2
(3f2f3 − 2ff32)
f(ν2 + η4) = −
1
f2
(3f2f4 − 2ff42)
X(f) + 2µ3f = 2
(
λf − 1
2f2
(
− f(f11 + f22 + 3f33 + f44) + 3f
2
3 + ff1
))
f(ν3 + µ4) = −
1
f2
(3f3f4 − 2ff43)
X(f) + 2ν4f = 2
(
λf − 1
2f2
(
− f(f11 + f22 + f33 + 3f44) + 3f
2
4 + ff1
))
.
Also we can see X = gradΦ if and only if
(3.15)


Φx =
fη
y
Φy =
fθ
y
Φz = µf
Φw = νf.
Example 3.21. Suppose that the left invariant Riemannian metric 〈·, ·〉 generated by f(x, y, z, w) =
1 on G. Then equation (2.11) shows that K(E1, E2) = −1 and K(Ei, Ej) = 0 in other cases.
Now, consider X = −z ∂
∂z
− w ∂
∂w
(in fact we assumed that θ = η = 0, µ = −z and ν = −w).
The systems (3.14) and (3.15) show that (G, 〈·, ·〉) with X is an expanding gradient Ricci
soliton with λ = −1 and potential function Φ = −12(z
2 + w2).
Example 3.22. In the previous example if we suppose that X = ∂
∂x
−z ∂
∂z
−w ∂
∂w
(equivalently
θ = 0, η = 1
y
, µ = −z and ν = −w), then we have an expanding Ricci soliton with λ = −1
which is not gradient.
3.6. Lie group G = R⋊R+×R⋊R+. Now, we give another examples of four dimensional Ricci
solitons. Suppose that G = R⋊R+×R⋊R+ and consider the natural coordinates (x, y, z, w),
such that y > 0 and w > 0, for it. Consider the f−left invariant Riemannian metric 〈·, ·〉 on G
such that the set {E1 := y
∂
∂y
, E2 := y
∂
∂x
, E3 := w
∂
∂w
, E4 := w
∂
∂z
} is an orthogonal basis at any
point and is orthonormal at e = (0, 1, 0, 1). Easily we can see α122 = −α212 = α344 = −α434 = 1
and the other structural constants are zero. As before let X = θE1+ ηE2+µE3+ νE4 be any
vector field on G. The equations (1.1) and (2.18) show that the Riemannian manifold (G, 〈·, ·〉)
with the vector field X and expansion constant λ is a Ricci soliton if and only if the following
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system holds,
(3.16)

X(f) + 2θ1f = 2
(
λf − 12f2
(
− f(3f11 + f22 + f33 + f44) + 3f
2
1 + f(f1 + f3 − 2f)
))
f(η + η1 + θ2) = −
1
f2
(3f1f2 − 2ff21)
f(µ1 + θ3) = −
1
f2
(3f1f3 − 2ff31)
f(ν1 + θ4) = −
1
f2
(3f1f4 − 2ff41)
X(f) + 2f(η2 − θ) = 2
(
λf − 12f2
(
− f(f11 + 3f22 + f33 + f44) + 3f
2
2 + f(3f1 + f3 − 2f)
))
f(µ2 + η3) = −
1
f2
(3f2f3 − 2ff32)
f(ν2 + η4) = −
1
f2
(3f2f4 − 2ff42)
X(f) + 2µ3f = 2
(
λf − 1
2f2
(
− f(f11 + f22 + 3f33 + f44) + 3f
2
3 + f(f1 + f3 − 2f)
))
f(ν + ν3 + µ4) = −
1
f2
(3f3f4 − 2ff43)
X(f) + 2f(ν4 − µ) = 2
(
λf − 1
2f2
(
− f(f11 + f22 + f33 + 3f44) + 3f
2
4 + f(f1 + 3f3 − 2f)
))
.
Also X = gradΦ if and only if
(3.17)


Φx =
fη
y
Φy =
fθ
y
Φz =
fν
w
Φw =
fµ
w
.
Example 3.23. Consider the left invariant Riemannian metric 〈·, ·〉 induced by the constant
function f(x, y, z, w) = 1 on G. Then by (2.11) for the sectional curvature we haveK(E1, E2) =
K(E3, E4) = −1 and K(Ei, Ej) = 0 in other cases. Now, suppose that X = x
∂
∂x
+ y ∂
∂y
(θ = 1,
η = x
y
, µ = ν = 0). The systems (3.16) and (3.17) show that (G, 〈·, ·〉) with X is an expanding
Ricci soliton with λ = −1 which is not gradient.
Remark 3.24. In the previous example one may want to work with X = z ∂
∂z
+ w ∂
∂w
.
Remark 3.25. Note that one can use the above equations to construct Ricci almost solitons
(for more detail about Ricci almost solitons see [12]). For example in subsection 3.1 if we let
f(x, y) = exp(x2 + y2) and X = −y ∂
∂x
+ x ∂
∂y
, then equations (3.5), (3.6) and (2.17) show
that we have a nontrivial shrinking Ricci almost soliton with expansion function λ(x, y) =
2 exp(−x2−y2) and Gaussian curvature −2 ≤ κ = −2 exp(−x2−y2) < 0 which is not gradient.
As another example in (3.8) if we suppose that θ = 1
y
and η = 0, then we have an indefinit
gradient Ricci almost soliton with expansion function λ(x, y) = −1−y
y
and potential function
Φ = − 1
y
.
4. A Ricci soliton which is not conformally equivalent to left invariant metrics
In this section we answer the following question:
Question 4.1. Are all Ricci solitons, on a Lie group G, conformally equivalent to the left
invariant metrics?
Or equivalently
Question 4.2. Are all Ricci solitons, on a Lie group G, f−left invariant?
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Using a simple example, we give a negative answer to this question. In fact we give a gradient
steady Ricci soliton which is not conformally equivalent to a left invariant Riemannian metric.
Example 4.3. Let G be the commutative Lie group R2. Suppose that g is the Riemannian
metric on R2 such that the set {X(p), Y (p)} is an orthonormal basis for TpR
2, where in the
standard coordinates of R2, X = ∂
∂x
and Y = y ∂
∂x
+ ∂
∂y
. In fact in the standard coordinates of
R
2 we have
(4.1) g =
(
1 −y
−y 1 + y2
)
.
We can see that the Riemannian metric g is not conformally equivalent to a left invariant
Riemannian metric on R2. If the metric g is conformally equivalent to a left invariant metric
〈·, ·〉 then they must induce the same inner product on the tangent space T(0,0)R
2. The set
{ ∂
∂x
|(0,0),
∂
∂y
|(0,0) is an orthonormal set with respect to the inner product induced by g. So
the only possibility for a left invariant metric 〈·, ·〉, to be conformally equivalent to g is the
standard metric of R2. For any p ∈ R2, the set { ∂
∂x
|p,
∂
∂y
|p is an orthogonal set with respect to
〈·, ·〉 but this set is not orthogonal with respect to g unless p = (0, 0). So, by considering the
lemma 2.2, the Riemannian g is not conformally equivalent to 〈·, ·〉.
Now we show that (R2, g) is a gradient steady Ricci soliton. For the Levi-Civita connection of
(R2, g) we have
(4.2) ∇XX = ∇Y Y = ∇XY = ∇YX = 0.
So Ricg(X,X) = Ricg(Y, Y ) = Ricg(X,Y ) = 0. Suppose that W = θX + µY = θ
∂
∂x
+ µy ∂
∂x
+
µ ∂
∂y
is an arbitrary vector field on R2. Then the Ricci soliton equation LW g = 2(λg − Ricg)
(see 1.1), reduces to the following system
∂θ
∂x
= λ,
y
∂µ
∂x
+
∂µ
∂y
= λ,
∂µ
∂x
+ y
∂θ
∂x
+
∂θ
∂y
= 0.
Easily we see that λ = 0 and any θ, µ ∈ R satisfy the above equations. Therefore, for any
θ, µ ∈ R, (R2, g) with W = θ ∂
∂x
+µy ∂
∂x
+µ ∂
∂y
is a steady Ricci soliton. Also we can see if θ = 0
then (R2, g) with W = µy ∂
∂x
+ µ ∂
∂y
is a steady gradient Ricci soliton with potential function
Φ(x, y) = µy.
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